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Rotating Disks
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Summary: The steady state laminar flow of non-linear viscoelastic fluid with

Simplified Phan-Thien Tanner (SPTT) model between coaxial rotating disks is studied

analytically. With linearized stress coefficient in the constitutive equation (SPTT),

primary flow and weak secondary flow have been investigated by perturbation

techniques while the aspect ratio is very small. Axial and radial velocity profiles

arising from secondary flow are completely analyzed for various boundary conditions

and properties of the viscoelastic fluid. The results indicate the strong effects of the

elasticity and boundary conditions on velocity profiles. The inertial secondary flow

consists of a single vortex for co-rotating disks and two vortices for counter-rotating

disks which is well represented by the approximate analytical solution.
Keywords: analytical solution; coaxial rotating disks; secondary flow; SPTT model;

viscoelastic fluid
Introduction

The torsional motions of a fluid between a

rotating cone and plate and between two

rotating coaxial parallel disks are used

extensively in rheometry to measure the

material properties that characterize non-

Newtonian fluids. Von Karman introduced

an ingenious similarity transformation to

study the axisymmetric flow induced by a

single rotating disk. Bhatnagar[1] showed

that this transformation can be used even

when the fluid is confined between two

parallel disks rotating about a common axis

at different speeds. These two works have

been followed by extensive studies on the

swirling flow for linear viscous fluids.

Phan-Thien[2] demonstrates that the

solution of the unsteady state flow between

rotating disks for a Maxwell fluid could be
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reduced to solving a system of coupled

ordinary differential equations, consisting

of the equations of motion and the

constitutive relations. Following upon this

work Phan-Thien[3] showed that the same

situation arises with the Oldroyd-B fluid,

which includes the Newtonian and the

Maxwell fluid as special cases. He has also

discussed the linearized stability of the

torsional flow, which is the steady shearing

motion, between the two plates and found

that the flow is unstable at high values of the

Weissenberg number. Ji et al. have carried

out a detail investigation of the flow an

Oldroyd-B fluid using an analytic continua-

tion method that exhibit turning points and

bifurcation points and their solution

includes the results of Maxwell model as

a special case.[4] Another analysis was

carried out by Crewther et al. wherein they

study steady and unsteady axisymmetric

flows of an Oldroyd-B fluid between

rotating plates.[5] Their results on steady

flows covered the results of Ji. et al.’s work.

Rajagopal reviewed the efforts that have

been expended in the study of both

symmetric and asymmetric solutions in
, Weinheim



Figure 1.

Schematic diagram of coaxial disks.
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the case of both the classical linearly

viscous fluid and viscoelastic fluids (Second

order model, Maxwell model, and Oldroyd-

B model).[6]

The Oldroyd-B constitutive equation

predicts a constant viscosity and a constant

first normal stress coefficient, and thus it is

relatively a simple model for viscoelastic

flows. The model is very suitable for Boger

fluids that have nearly constant viscosities

up to high shear rates. The Phan-Thien–

Tanner (PTT) model is a fairly simple

quasi-linear viscoelastic model constitutive

equation, which was derived using network

theory by Phan-Thien and Tanner[7] and

Phan-Thien[8]. This model incorporates not

only shear viscosity and normal-stress

differences but also an elongational para-

meter e and so reproduces many of the

characteristics of the rheology of polymer

solutions and other non-Newtonian liquids.

The PTT model has attracted author’s

attention and considerable papers have

been published by using this model.

Oliveira et al. used Simplified PTT con-

stitutive equation to obtain an analytical

solution for fully-developed pipe and

channel flows.[9] Alves et al. studied the

steady pipe and channel flows of a single

mode Phan-Thien-Tanner.[10] Axial annu-

lar flow of nonlinear viscoelastic PTT fluid

was modeled analytically by Pinho and

Oliveira.[11] Hashemabadi et al. provided a

series of solutions for Couette-Poiseuille

flow of SPTT fluid between parallel

plates.[12] Skewed Poisueille-Couette flows

of SPTT fluids in concentric annuli and

channels were investigated by Cruz and

Pinho.[13] Mirzazadeh et al. solved analyti-

cally purely tangential flow of PTT visco-

elastic flow in a concentric annulus with

relative rotation of the inner and outer

cylinders.[14] Extensive investigations in

relation to heat transfer and effective

parameters for PTT constitutive equation

have been presented in the literatures in

recent years.[15–19]

The solution of secondary flows of Phan-

Thien-Tanner (PTT) model fluid moving

between rotational coaxial disks has not yet

been reported. The objective of the present
Copyright � 2008 WILEY-VCH Verlag GmbH & Co. KGaA
investigation is to solve analytically the

momentum equations for simplified PTT

fluid, the primary and weak secondary flows

are derived where the upper and lower

disks are rotating with different angular

velocities, for a wide range of Deborah

numbers.
Governing Equations

Figure 1 shows two coaxial disks of radius a

with distance h where a� h. The top and

bottom plates rotate with constant angular

speed V and sV respectively. The flow is

assumed to be laminar, steady state,

isothermal, axis-symmetric and incompres-

sible. The no slip and no penetration

condition exist at the walls and gravita-

tional forces for the flow domain are

negligible. In the following discussion a

cylindrical coordinate system (r0; u0; z0) will

be used. The continuity and motion equa-

tions are[20]:

r � v ¼ 0 (1)

v � rv ¼ �rp0 þ rr � t (2)

The extra stresses are given here by the

simplified form of the Phan-Thien Tanner

(PTT) constitutive equation:

ZðtrtÞtþ lt̂ ¼ 2hD (3)

Where D is deformation rate tensor, l is

the relaxation time, h is the viscosity

coefficient and e is a parameter of the

model limiting the extensional viscosity of

the fluid. The pre-stress function ZðtrtÞ is

the linearization form of the more general
, Weinheim www.ms-journal.de
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exponential coefficient that can be written

as follow:

ZðtrtÞ ¼ 1þ el
h
trt

Oldroyd’s upper convective derivative t̂

is defined as:

t̂ ¼ Dt

Dt0
� t:rrv� rrvð Þy�t (4)

Where velocity gradient tensorrv, for

the problem depicted above, is simplified

as:

rv ¼

@vr
@r

0
@vz
@r

� vu
r

vr
r

0

@vr
@z

@vu
@z

@vz
@z

0
BBBB@

1
CCCCA

And rrvy is transpose of velocity gradient

tensor.

It is convenient to introduce following

dimensionless variables[5]:

r ¼ r0=a; z¼ z0=h

u¼ vr=aV; v ¼ vu=aV; w ¼ vz=hV;

p ¼ a2 p0=hVð Þ

S¼ a2trr
�
hV; z ¼ a2tru

�
hV;

� ¼ atrz=hVð Þ

D ¼ a2tuu
�
hV

� �
; P ¼ atuz=hVð Þ;

G ¼ tzz= hVð Þ

Re ¼ rVa2
�
h; De ¼ lV

Where a is the aspect ratio and repre-

sents the ratio of distance between two

parallel disks to radius h/a. For steady axis-

symmetric flow, the dimensionless equa-

tions of continuity and motion are respec-

tively:

@u

@r
þ u

r
þ @w

@z
¼ 0 (5)
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a2Re u
@u

@r
þ w

@u

@z
� v2

r

� �

¼ � @p

@r
þ @S

@r
þ @�

@z
þ 1

r
S� Dð Þ (6)

a2Re u
@v

@r
þ w

@v

@z
þ uv

r

� �

¼ @z

@r
þ 2

r
z þ @P

@z
(7)

@p

@z
¼ a2 @G

@z
þ @�

@r
þ�

r

� �
(8)

From tensor analysis of SPTT fluid

model as a constitutive equation can be

obtained:

ZðtrtÞS ¼ �De

�
u
@S

@r
þ w

@S

@z
� 2S

@u

@r

� 2�
@u

@z

�
þ 2a2 @u

@r
ð9Þ

ZðtrtÞz ¼ �De

u @z@r þ w
@z

@z
þ S

v

r
� @v

@r

� �

�z
u

r
þ @u

@r

� �
��

@v

@z
�P

@u

@z

8>><
>>:

9>>=
>>;

þa2 @v

@r
� v

r

� �

(10)

ZðtrtÞ� ¼ �De
u
@�

@r
þ w

@�

@z
� S

@w

@r

��
@w

@z
þ @u

@r

� �
� G

@u

@z

8>><
>>:

9>>=
>>;

þ @u

@z
þ a2 @w

@r
ð11Þ

ZðtrtÞD ¼ �De
u
@D

@r
þ w

@D

@z
� 2D

u

r

þ2z
v

r
� @v

@r

� �
� 2P

@v

@z

8>><
>>:

9>>=
>>;

þ 2a2 u

r
ð12Þ

ZðtrtÞP¼�De

u
@P

@r
þ w

@P

@z
þ�

v

r
� @v

@r

� �

�P
u

r
þ@w

@z

� �
�j

@w

@r
�G

@v

@z

8>><
>>:

9>>=
>>;

þ @v

@z
ð13Þ
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ZðtrtÞG ¼ �De
u
@

@r
Gþ w

@

@z
G� 2�

@w

@r

�2G
@w

@z

8><
>:

9>=
>;

þ 2
@w

@z
ð14Þ

Where

ZðtrtÞ ¼ 1þ eDe

a2
Sþ Dþ a2G
� �� �

The normalized boundary conditions are

At z ¼ 0 u ¼ w ¼ 0; v ¼ sr ð15Þ
At z ¼ 1 u ¼ w ¼ 0; v ¼ r ð16Þ
At r ¼ 0 u ¼ v ¼ @w

@r ¼ 0 ð17Þ
Where s is coefficient of angular velo-

city.
Linearizing the Equations

Consider dependent variables in the fol-

lowing general form:

q ¼ q0 þ q2

Where subscripts 0 and 2 represent

primary and secondary flows respectively.

So we have:

q � u; v;w; p;S; z;�;P;Gf g
q0 shows the primary flow variables and q2 is

assumed to be small perturbations that

achieve a significant importance for analysis

of secondary flows. By considering just the

primary flow and assuming that the aspect

ratio is very small, the governing equations

are simplified. This case is satisfied while the

type of flow is steady creeping flow in which

just the dimensionless u-component of

velocity exists and the radial and axial

components of velocity are zero:

u0 ¼ w0 ¼ 0; v0 ¼ v0 r; zð Þ;

p0 ¼ p0 rð Þ
(18)

By considering the conditions depicted

in Eq. (18) and assuming the aspect ratio a,

is very small, the momentum and constitu-

tive equations are simplified respectively:

@P0

@z
¼ 0 (19)
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dp0
dr

¼ �D0

r
(20)

t0 ¼
0 0 0
0 D0 P0

0 P0 0

0
@

1
A (21)

1þ eDeD0½ �P0 ¼
@v0
@z

(22)

1þ eDeD0½ �2D0 ¼ 2De
@v0
@z

� �2

(23)

Substituting Eq. (22) into Eq. (19) leads

to a differential equation for velocity v0,

that can be solve with the following

boundary conditions:

At z ¼ 0 v0 ¼ sr

At z ¼ 1 v0 ¼ r

Finally, the velocity profile is calculated:

v0 ¼ r 1� sð Þzþ s½ � (24)

Using the velocity profile Eq. (24), into

Eq. (23), and solving the cubic equation

forD0 leads to one real root:

D0 ¼

1þ27eDe2r2ð1�sÞ2þ3
ffiffiffi
3e

p
Derð1�sÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2þ27eDe2r2ð1�sÞ2
p

� �1=3

eDe þ
1

1þ27eDe2r2ð1�sÞ2þ3
ffiffiffi
3e

p
Derð1�sÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2þ27eDe2r2ð1�sÞ2
p

� �1=3 � 2
3eDe

(25)
Weak Secondary Flows

The secondary flow is obtained when the

perturbation is taken into account. Also the

solution goes on with respect to the solution

of primary flow. For this reason, we try to

keep the terms in equations that combina-

tion of them makes a remarkable amount,

with this approach, continuity and momen-

tum equations, Eq. (5)–(14), are changed as

follows:

@u2
@r

þ u2
r
þ @w2

@z
¼ 0 (26)

@p2
@r

¼ Re
v20
r
þ @�2

@z
� 1

r
D2 (27)
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@z2
@r

þ 2

r
z2 þ

@P2

@z
¼ 0 (28)

@p2
@z

¼ 0 (29)

Stress tensor components equations are

simplified to:

S2 ¼ 0 (30)

1þ eDeD0ð Þ2z2 ¼ 2De
@v0
@z

@u2
@z

(31)

1þ eDeD0ð Þ�2 ¼
@u2
@z

(32)

1þ eDeD0ð Þ2D2

¼ 2De

3De

1þ eDeD0ð Þ
@v0
@z

� �2
@w2

@z

þ2
@v0
@z

@v2
@z

0
BBB@

1
CCCA (33)

1þ eDeD0ð ÞP2

¼ 3De

1þ eDeD0ð Þ
@v0
@z

@w2

@z
þ @v2

@z
(34)

1þ eDeD0ð ÞG2 ¼ 2
@w2

@z
(35)

The boundary conditions suggest that a

solution can be found of the following

form[20]:

v ¼ rGðzÞ (36)

If we let u and w depend on zthrough a

second functionH zð Þthen the continuity

equation requires that:

u ¼ r
dHðzÞ
dz

; w ¼ �2HðzÞ (37)

Also, the following functions are sug-

gested for dimensionless stress compo-

nents[5]:

S ¼ r2~S zð Þ; z ¼ r2~z zð Þ; � ¼ r ~� zð Þ

D ¼ r2~D zð Þ; P ¼ r ~P zð Þ;

G ¼ ~G zð Þ
(38)

The stress components with hat can be

derived from Eq. (31)–(35) directly. After

differentiation of Eq. (27) with respect to z

and using the compatibility condition,
@2p2
@r@z ¼ 0 resulted from Eq. (29) and sub-

stitution of hat stress components can be
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concluded:

2Deð1� sÞ
1þ eDeD0ð Þ2

2
@2GðzÞ
@z2

� 6De

1þ eDeD0ð Þ

ð1� sÞ @
2HðzÞ
@z2

0
BB@

1
CCA

� 1

1þ eDeD0ð Þ
@4HðzÞ
@z4

¼ 2Rev0
@v0
@z

(39)

From substituting of stress components

with hat into Eq. (28) and simplifying it

gives:

@2GðzÞ
@z2

þ 2Deð1� sÞ
1þ eDeD0

@2HðzÞ
@z2

¼ 0 (40)

Combination of Eq. (39) and Eq. (40)

and after rearrangement can be obtained:

@4HðzÞ
@z4

þ L2 @
2HðzÞ
@z2

¼ Azþ B (41)

Where

L2 ¼ 20De2ð1� sÞ2

1þ eDeD0ð Þ2

A ¼ �2Re 1þ eDeD0ð Þ 1� sð Þ2;
B ¼ �2Re s 1� sð Þ 1þ eDeD0ð Þ

(42)

From solution of Eq. (41), H(z) can be

calculated as follow:

HðzÞ ¼ 1

L2

�
1

2
z2
�
1

3
Azþ B

�
� ðC1 cosðLzÞ

þ C2 sin Lzð ÞÞ
�
þ C3zþ C4 (43)

We now have four integration constants

to determine by using these four additional

boundary conditions:

Hð0Þ ¼ 0; Hð1Þ ¼ 0
H0ð0Þ ¼ 0; H0ð1Þ ¼ 0

(44)

Constants of Eq. (43) can be found as

follows:

C1 ¼ 1
6

LcosL Aþ3Bð Þ�3sinL Aþ2Bð ÞþL 2Aþ3Bð Þ
L LsinL�2þ2cosLð Þ

n o
C2 ¼ 1

6
3sinL Aþ2Bð Þ�L Aþ3Bð Þ 1þcosLð Þ

L 2sinL�LcosL�Lð Þ

n o
C3 ¼ 1

L
C2; C4 ¼ 1

L2 C1

From insertion of Eq. (43) into Eq. (40)

and integration and using of boundary
, Weinheim www.ms-journal.de
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Figure 2.

Axial and radial velocity profile when s¼ 0, De¼ 0 (Newtonian Fluid).
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conditions Eq. (15) and (16), G(z) can be

derived as follow:

GðzÞ ¼ � 2Deð1� sÞ
L2 1þ eDeD0ð Þ�

1

2
z2
�
1

3
Azþ B

�
� ðC1 cos

�
Lz

�
þ C2 sin LzÞÞ� þ C5zþ C6 ð45Þð

Where

C5 ¼ sþ C1
2Deð1� sÞ

L2 1þ eDeD0ð Þ

C6 ¼ 1� sþ 2Deð1� sÞ
L2 1þ eDeD0ð Þ

1

6
Aþ 1

2
B� C1 cosðLÞ þ 1ð Þ
�C2 sinðLÞ

2
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Axial and radial velocity profile when s¼ 5, De¼ 0 (Ne
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Now three components of velocity v, u, w

can be calculated with two function of H(z)

and G(z) according to Eq. (36) and (37).
Results and Discussion

Effects of Reynolds number, elongational

parameter and Deborah number as well as

boundary conditions on the flow field were

investigated and finally velocity vectors

were depicted for two different boundary

conditions. In Figure 2 (it was considered

the lower plate is at the rest s¼ 0) and

Figure 3 (when the lower disk rotates five

times faster than upper one s¼ 5) for

Newtonian fluid (De¼ 0) illustrate the

corresponding axial and radial velocities
-0.08
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Axial and radial velocity profile when s¼ 0, De¼ 0.5 and e¼ 1.
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between two parallel disks. The results

show good agreement with previous

work.[7] In Figure 4, it was considered the

lower plate is at the rest and the fluid is a

viscoelastic fluid which De¼ 0.5 and e¼ 1.

As it is obvious, with viscoelasticity effects

haven’t changed the trend of secondary

flow between coaxial disks relative to

Newtonian fluid, but these properties can

strengthen or weaken the axial and radial

flows in the fluid. Axial velocity profile for

this flow conditions is nearly parabolic and

is positive everywhere. On the other hand,

radial velocity is negative in the lower half

region whereas it is positive in the upper

half region between the two parallel disks.

With promotion of Reynolds number
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Axial and radial velocity profile when s¼ 5, De¼ 0.5 an
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increases maximum of absolute u-velocity

in two regions. Comparison of viscoelastic

and Newtonian fluids behavior while the

lower disk is at the rest, at Re¼ 0.4, shows

the maximum of axial velocity has almost

19% growth. Figure 5 shows while the

lower disk rotates five times faster than

upper one, same as the Newtonian fluid, the

axial velocity becomes completely negative

and the profile is nearly parabolic, but the

maximum has changed considerably (300%

growth). For radial velocity profile due to

inertia effects, the values is positive in the

lower half region whereas it is negative in

the upper half region between the two

disks. Comparing these curves with the

corresponding curves for s¼ 0 in Figure 2
-0.30
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we found that the flow field has been

reversed. When the two disks rotate with

same angular velocity but in opposite

direction s¼�1, Figure 6 illustrates the

distribution of w-velocity for Re¼ 0.2, 0.4

and 0.6. Axial velocity is positive but only in

the upper half region and in the lower half

region, it takes negative values. For radial

velocity, the flow region for the related

boundary condition is divided into three

parts with the appearance of a central core

in which dimensionless u-velocity is nega-

tive for all values of Re. In the other two

regions, one near the lower disk and the

other near the upper disk, u-velocity is

positive. Figure 7 shows effect of elonga-
                                                                     

0
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Figure 7.

Effect of elongation parameter on axial and radial velo
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tional parameter on axial and radial

velocity profiles. As it can be seen, the

decrease of elongation effects promotes the

magnitude of dimensionless axial and radial

velocities. This is not valid for variation of

Deborah number, as it is clear from

Figure 8, increasing of Deborah number

which gives the relative importance of

elasticity in the fluid, improves the magni-

tude of secondary flows between parallel

disks. Therefore elongational parameter (e)
and Deborah number (De) have opposite

effects, but the Deborah number has more

noticeable influence on secondary flows

between two disks. Figure 9 illustrates the

vector plot of secondary flows while the
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Effect of Deborah number on axial and radial velocity profile (e¼ 1, s¼ 0 and Re¼ 0.6).
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Figure 9.

Velocity vectors between two parallel rotating disks for De¼ 1, Re¼ 0.6 and a) s¼ 0, b) s¼�1
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lower disk is at the rest (s¼ 0) and two disks

rotate reverse (s¼�1) respectively. As it’s

shown, there is only one vortex for co-

rotating plates ðs � 0Þand two vortices for

counter rotating disks ðs < 0Þ. As s

decreases from zero, one small vortex near

the lower plate appears and with more

decreasing of s, this vortex becomes bigger

and can be found two equal vortices

between parallel disks while two disks

rotate opposite each other with same

angular velocity (s¼�1).
Conclusion

The steady axisymmetric laminar flow of

simplified Phan-Thien–Tanner (SPTT)
Copyright � 2008 WILEY-VCH Verlag GmbH & Co. KGaA
model fluid between coaxial rotating disks

has been investigated analytically. Weak

secondary flows were analyzed by the

perturbation technique when the aspect

ratio is very small. Radial and axial

velocities for various conditions were illu-

strated. When the lower disk is stationary

and upper disk rotates with a constant

angular velocity, axial velocity is positive

and nearly parabolic. Radial velocity is

divided to two regions, negative in the

lower half and positive in the upper half

region. When both disks rotate with the

same velocity but in opposite direction,

axial velocity is positive and negative in

upper and lower half regions respectively.

Radial velocity for this situation consisted

up three parts, negative at the centre and
, Weinheim www.ms-journal.de
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positive both in the upper and lower

regions. Deborah number and elongational

parameter affect the values of secondary

flows. Deborah number increases the

values of axial and radial velocities while

elongational parameter decreases. A usual

phenomenon in flow of rotating disk is

existence of vortex between the disks. For

co-rotating disks, there is only one vortex

and two vortices for counter rotating disks.
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